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A precise definition of separation of variables
by

T.H. Koornwinder

ABSTRACT

We give a precise and conceptual definition of separation of variables
for partial differential equations. We derive necessary and sufficient con-
ditions for a linear homogeneous second order partial differential equation
to be separable into second order ordinary differential equations. In the’
case of the Helmholtz equation on a Riemannian manifold these conditions
coincide with the classical Stdckel-Robertson conditions. We prove that
separability of Lu+u = 0 (L second order partial differential operator in
n variables) implies the existence of n linearly independent, mutually com-
muting second order operators, including L. Finally we show that separable

second order equations do have an underlying (formal) Riemannian manifold.

KEY WORDS & PHRASES: separation of variables, Stackel-Robertson separability
conditions, Helmholtz equation on a Riemannian mani-

fold.
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TRODUCTION

The work presented here originated from a review [8] I wrote on MILLER's rol
"Symmetry and separation of variables". This book discusses the relationship be-
group theory and the coordinate systems for which a given partial differential

ion is solvable by separation of variables. A remarkable omission in this book
at it does not contain a precise definition for one of the key words: separation
riables. However, when looking in older papers which discuss criteria for separa-
of variables (cf. ROBERTSON [14], EISENHART [ 3], MOON & SPENCER [101]), I could
ind a precise definition either. Probably the aovplied mathematician will not be
red very much by this omission, since he will have a fairly good informal notion
e method of separation of variables, which he can use in ad hoc cases. But if
ants to prove general theorems giving necessary and sufficient conditions for
ation of variables or if one wants to classify all separable coordinates for a

partial differential equation then it becomes crucial to have a precise defini-

In section 2, after discussing some definitions from literature, I will propose
definition of separation of variables which meets the three requirements of
eing precise, (ii) being conceptual rather than formal, (iii) admitting a rigo-

proof that the Stdckel-Robertson conditions (cf. ROBERTSON [14]) are necessary

ufficient for separability of the Helmholtz equation on a Riemannian manifold in
coordinates. In section 3 I derive Stédckel-Robertson type conditions which are
sary and sufficient for a linear homogeneous second order partial differential
ion to separate into second order ordinary differential equations. Without proof
te some generalizations of this result for higher order equations and for non-

r equations. As a side result I show that a certain transformed version of the
ariable sine-Gordon equation, which is known to separate into first order

.'s, cannot separate into second order o.d.e.'s.

Section 4 deals with certain conditions equivalent to Stédckel's condition. The
result relates separability of Lu = 0 (L linear second order operator) with a

y of n-1 linearly independent, mutually commuting second order operators com-

g with oL for some function ¢. In section 5 we will see that it is no accident
classical and recent work on separation of variables is focused on equations

g on (pseudo-) Riemannian manifolds: A general sevarable linear second order




o~

equation has ar underlying (formal) Riemannian manifold. The pvaper concludes with a
result stating that on an Einstein manifold the separability of Au + C(x)u = O for
some function C will imply the separability of Au + u = 0.

2. THE DEFINITION OF SEPARATION OF VARIABLES

Let us start with a simple example. The Helmholtz equation in two variables

is certainly separable as it stands. A slightly less trivial case occurs when we in-

troduce polar coordinates x = r cos 6, y = r sin 0:
(2.1) u +r u +r u + wu = 0.
Now suppose u is a function of the form u(r,6) = f£(r)g(8), not identically zero. Then
u is a solution of (2.1) if and only if there is some constant k such that f and g
éatisfy the ordinary differential equations
2 22 .2
r £"(xr) + rf'(r) + (Wr -k )f(r) =0
(2.2)
" 2
g"(8) + k g(6) = 0.

The general solutions of the o.d.e.'s (2.2) are

f(r)

1 2 -k
iko -ik6
g(8) = 8, e 4 Be ,

o Jk(wr) + a.J . (wxr),

where Jk and J~k are Bessel functions.

This example illustrates the way special.functions arose in history: as factor-
ized solutions of the p.d.e.'s of mathematical physics when written in separable co-
ordinates. Suitable boundary conditions for (2.1) will restrict the generality of the
solutions to be considered for (2.2). More general solutions of (2.1) can be obtained
as linear combinations of factorized solutions. However, all these aspects will not
bother us in this paper. We will concentrate on making precise the relationship be-
tween a p.d.e. like (2.1) and o.d.e.'s like (2.2).

Historically, a more systematic research on separability for p.d.e.'s was done

in the context of 3 Riemannian manifold. For local coordinates x,,xX ""'Xn on the

172
manifold let ¢ ,{x) ke the fundamental tensor and write g, := 9i5- Assume the co-
b i
ordinates arc i~ nal, i.e., the tensor 955 is diagonal. STACKEL [16] proved in

1891 that t'- t r-Tacobi equation




g. (w>0)

1

-1/ au\? | 2
o, T
1 i

I o~>8

i
parable by solutions of the form u(x) = Xl(xl) +...+ Xn(xn) if and only if the

wing condition (the so-called Stédckel condition) holds:

‘here is a nonsingular n X n matrix (cij(xi)) with inverse (Yij(x)) such that
-1
gi(x)) = Yli(x).

For orthogonal local coordinates (xl,...,xn) the Laplace-Beltrami operator A on

liemannian manifold takes the form

n 1
_ -5 9 % 9
b= .2 9 Bx, °9 9 wx, ¢
i=1 i i
s g o:= det(gij) = Tlnzl g.. ROBERTSON [14] proved in 1928 that the Helmholtz type
ion
2
Au + wu=20 (w>0)

sparable by solutions of the form u(x) = ﬂ?*l Xi(xi) if and only if the Stéckel

tion (i) holds and, furthermore:

There are functions fk (k =1,...,n) in one variable such that

L n
= 1T £ (x).
k=1 % K

(g(x))
det(c,.(x.))
ij i

EISENHART [3] (see also [4, Appendix 13]) observed in 1934 that Robertson's con-

>n (ii) can be replaced by the condition (cf. section 5):
' The Ricci tensor Rij(x) is diagonal.

sertain classes of Riemannian manifolds, for instance for flat spaces, this con-
»n is always satisfied if gij is diagonal. By way of application, EISENHART [3]
sified the eleven separable coordinate systems for the three-variable Helmholtz

zion

Although the above-mentioned authors state and prove necessary and sufficient
itions for the separability of (2.3) or (2.5), they do not give a precise defini-
of separation of variables. Therefore, in order to learn about the definition
have in mind, we have to look for the implicit assumptions they make in their
fs. Let us consider ROBERTSON [14] (with his potential energy V being zero),

also the same proof in MOON & SPENCER [10, Theorem 1]. In the necessity proof of

itions (i) and (ii) Robertson states that separability of (2.5) implies that the




.cients of 82u/3x% and Bu/Bxi in (2.5) are proportional by a factor only de-

Ig on X, - Furthermore, he concludes from the separability assumption that there

)e a family of factorized solutions u(x) = ”?—1 Xi(xi) of (2.5) depending on n
2 =

'ters a4, :=w , d.,...,0 such that
1 2 n

det( -zi{xfl(f.(x.)x!(x.))']) #0
aaj i i itii

. in condition (ii)) for some (al,...,an). Apparently, Robertson assumes that

is simultaneously separable for all values of w. On the other hand, Robertson
the sufficiency of conditions (i), (ii) by showing that there are n o.d.e.'s

y depending on parameters o, = w2,a2,...,an such that, if u(x) = ”?:1 Xi(xi)
ies (2.5), then Xl""'Xn satisfy the o.d.e.'s for some choice of (al,...,an).

k it is difficult to extract from the above elements a clear and precise picture
definition of separation of variables Robertson had in mind.

et me next discuss three different definitions of separation of variables I met

erature.

TION A. Cf. MORSE & FESHBACH [11, §5.1, p.497].
the three-variable Helmholtz equation (2.6) in new coordinates 51, 62, 53.
coordinates are called separable for equation (2.6) if each solution of (2.6)

inear combination of solutions of the form Fl(El)Fz(EZ)F3(€3).

sion. This is typically a definition from the user's point of view: one can use
thod of separation of variables if one can build the general solution as a
combination of factorized solutions. However, the definition is not precise,
it is not specified in which topology these linear combinations have to con-

It will also be hard to derive a sepafability criterium or a classification
starting from this definition. Finally it is remarkable that the definition

ot require that the functions Fi satisfy certain o.d.e.'s.

TION B. Cf. SNEDDON [15, ch.3, §9, p.123].

nd order homogeneous linear p.d.e. in two variables

+ + + + + =
Alluxx : 2A12uxy A22uyy Blux B2uy Cu 0

led separable if, for each solution u of the form u(x,y) = X(x)Y(y), equation

can be written as

)1 and D2 are second order ordinary differential operators in x and Y, respec-—




ssion. This is a formal criterium for separability. By manipulation of (2.7) one
o try to achieve an equation of the form (2.8). It is apparent that (2.8) sepa-
into two o.d.e.'s, but it is left unspecified what is meant by this last and

important step.

ITION C. Cf. NIESSEN [12, p.329].

ear partial differential operator L in XpreeonX is called separable if there is
X n matrix (Lij), with the matrix element Lij being an ordinary (possibly zero

) linear differential operator in xj, such that, for all sufficiently often dif-

tiable functions xi - Xi(xi) (i=1,...,n) we have
n
L(TT X,) = det(L,.X,).
i i377

ssion. Call the equation Lu = O separable if the overator L is sevarable accord-
o Definition C. Definition B can be viewed as a special case of Definition C if

t

L..X,) := .
1375 \ « x

riticism to Definition B also applies here. Further objections are that the def-
on does not cover nonlinear equations or the case of a linear second order p.d.e.
ating into first order o.d.e.'s. However, vositive aspects of Definitions B and
their preciseness and the fact that they can easily be used for the derivation

parability criteria.

I will conclude this section by proposing yet another definition of separation
riables, which will meet the three requirements mentioned in the introduction.

Let m ¢ IN. Consider for real x,,x ,...,xn the p.d.e.

1772
i,+...+1 \
n
3
) F( 11 f; u(xl,...,xn),xl,...,xn; =0,
8x1 ...xn

the derivatives of u are running over all orders such that i1+...+in < m, where

allowed to be a complex-valued function, and where F is assumed to be analytic

1 its arguments.

ITION 2.1. The p.d.e. (2.10) is called separable for (Xl""’xn) lying in some

. n . .
connected region @ ¢ IR° if there are n analytic o.d.e.'s

(%1i) (ki-1)
) X, (x,) + £, (X, (x,),...,X, (X.),%x.,0,,...,4_ ) =0, i=1,...,n,
1 1 1 1 1 1 1 1 n

2

ly depending in an analytic way on n-1 independent complex parameters a ..a

2" n

that, for each (a2,...,un) and for each set of solutions (Xl""'Xn) of (2.11)




irguments (Xl""'xn) in @, the function

n
u(x, ,...,Xx ) = T X (x.)
1 n i i

olution of (2.10).

TION 2.2. The n-1 complex parameters a2,,..,an in (2.11) are called independent

nx(n-1) matrix
of .
l( X, 0 a ))
\3a Y 1,1V 2,000 Yo, 1% %ty

# 0.

nk n-1 whenever ﬂ2=1 yO,i

. 2.3. If the function F in (2.10) is not defined globally as a function of u
s derivatives then suitable modifications have to be made in Definition 2.1,

hat it can be understood locally.

_2.4. The requirement of analyticity for (2.10) and (2.11) is not very string-
ut just for convenience. Because an analytic function in one variable, not
cally zero, has the properties that it is completely determined by its restric-
o some real interval and that its zeros are isolated, we will be able in later

to divide by such a function, neglecting possible zeros.

2.5. In certain circumstances, the condition ﬂn # 0 in Definition 2.2

i=1 Yo,1i

t be the right choice. Anyhow, for each value of xl,...,xn, a ,a , the

2777y
f (Bfi/aaj) should be n-1 for generic values of yki‘lli""'yo,i (i =1,...,n).

2.6. Under the terms of Definition 2.1 a converse implication often holds: If
function of the form (2.12), analytic and not identically zero, and if u satis-
2.10) then the functions Xi' i=1,...,n, satisfy (2.11) for some choice of the

ters a .,an. In section 3 we will prove this converse implication in the

2"
f a linear second order p.d.e. which separates into second order o.d.e.'s.

2.7. It is easy to make a connection between our Definition 2.1 and NIESSEN's
efinition C. Let the linear partial differential operator L have the property
nula (2.9). Now, for each value of (al,a2,...,un), if the functions X ,...,Xn

1
y the o.d.e.'s

o, L,.X,(x.,) =0
;113373

Il o~—3

i

= n?=1 Xi satisfies Lu = 0. However, without further assumptions on the

it is not clear whether n-1 of the parameters al,...,an form a set of indepen-

arameters for this set of o.d.e.'s.




LE 2.8. Clearly the p.d.e. (2.1) separates into the o.d.e.'s (2.2) according to
ition 2.1 and also the converse implication of Remark 2.6 holds. Similarly, the

ates, under the Ansatz u(x,y) = X(x)Y(y), into the o.d.e.'s

X" (x) + (wz—kz)x(x) =0,

2
Y'(y) + k Y(y) =0,

jgain the converse implication holds. However note that (2.13) also separates in-

2 first order o.d.e.'s
|
2
X' (x) + i/w2—k X(x) = 0,
Y'(y) + ikY(y) = 0.

>nverse implication of Remark 2.6 no longer holds in this case, but it does hold
three-parameter family of pairs of o.d.e.'s extending (2.14): Let u be a func-
>f the form u(x,y) = X(x)Y(y), not identically zero. Then u satisfies (2.13) if
1ly if X and Y satisfy the o.d.e's

2 2 2 2 2
(X' (x)) + (0 -k")(X(x))” =47,

(2 + k2 vy ? = B2

me value of (k,A,B).

.E 2.9. Consider the sine-Gordon equation

¢ - ¢ = sin ¢.

XX tt
X,t) := tg(%¢(x,t)). The transformed equation reads
2 2 2 2
+ - - - = - .
(1+u )(uxx utt) 2u(uX ut) u(l-u”)
the Ansatz u(x,t) = X(x)T(t) this nonlinear p.d.e. separates into the first
o.d.e.'s

L
a X (x)

va-1 T(t),

{x' (x)
T (t)




ding to Definition 2.1. On the other hand, let u(x,t) = X(x)T(t) be an analyti
ion of (2.15) such that u and u_ are not identically zero. Then it can be shc
for some choice of «,8,y, the functions X and T satisfy the o.d.e.'s
4 2
(X")" = BX  + aXx” + v,

(T')" = —YT4 + (a—l)T2 - B,

lso OSBORNE & STUART [13]. It will follow from Lemma 3.6 that equation (2.15)

10t separate into second order o.d.e.'s.
’ARATION OF VARIABLES FOR LINEAR SECOND ORDER EQUATIONS

‘n this section we will derive criteria for separability of a general linear

meous second order p.d.e.

S 3%u o 3u
DAL () e ) B.(x) =— + C(x)u = 0.
.G ij 90X, 90X, . i 9%,
i,j=1 i) i=1 i
‘ij' B and C are complex-valued analytic functions of x = (Xl""’xn) on some
onnected region Q in Hgi. We may assume Aij = Aji and we will write Ai = Aii‘
rmore, we require that, for each i, (3.1) contains some nonvanishing term in-

g a derivative with respect to X0 i.e., for each x ¢ Q and for each
s---,n} not all of the numbers A, , (x), A, (x),...,A, (x), B.(x) are zero. Let
i1 i2 in i

mulate the main theorem.

M 3.1. The p.d.e. (3.1) separates on 9 into n second order o.d.e.'s if and onl

following three conditions hold:

=0 if i # j and Ai(x) # 0 for all x and i.

ij
here are analytic functions bi (i =1,...,n) in one real variable such that
B, (x) =Db,(x,)A, (x).
i i7iT1
here are analytic functions cij (i,j =1,...,n) in one real variable such that

he n X (n-1) matrix

1s rank n-1 for all x = (x1,...,xn) € Q and




c,.(x)A, (x) = C(x)8, j=1,...,n.
ij it i j

17

I ~3

the assumption of conditions (i), (ii), (iii), the p.d.e. (3.11) takes the form

n 2
Z A (X)/ 9—E-+ b, (x,) m™/m + c,, (x )u} = 0.
L2 ) 1
i=1 © 90X,
i
ermore, if a function u has the form u(x) = ﬂ?_l Xi(xi) and if u is not identi-
zero on §, then u is a solution of (3.5) if and only if, for some
..,an) € Cn—l, the functions Xi are solutions of the o.d.e.'s
/ n
XU (x)+b, (x )X!(x,)+Hc, (x)+ |} c. . (x) X (x,) =0, i=1,...,n.
i7i i1t i it il T ij i ii

j=2

For the proof we will need a lemma, see Lemma 3.2. First we introduce some nota-—
and we formulate alternatives to condition (iii). Consider an (nxn) matrix-valued

ion

c(x) := (c,.(x,)).

ij i
Mij(x) := cofactor of c(x) for entry(i,j),
S(x) := det c(x).

) only depends on Xl""'xi—l'x

2m hold then, by (3.4),

X ye+..1X_. If conditions (i) and (iii) of the
i+1 n

A, (x) M'1(X)
) = = = ’ i1j=1,-..,n,
A, (x) M., (x)
] j1

1ence, Mil(X) # 0 for all x and i.

Let condition (i) hold. If C(x) = 0 for all x then (iii) is equivalent to:
' There is an analytic matrix-valued function ¢ of the form (3.7) such that,
for all x € Q, the matrix (3.3) has rank n-1, Cil(xi) =0 (i=1,...,n) and

(3.10) holds.

[f C(x) # O for all x ¢ Q then (iii) is equivalent to:

' There is an analytic matrix-valued function c of the form (3.7) such that, for
all x € Q, S(x) # 0 and

C(x)M.l(x)
Ai(X) = —

S(x)




_1 _
Note that (3.11) can also be written as Ai(x) = C(x) (c(x) )1i' where c(x) 1
iatrix inverse of c(x).

« 3.2. Suppose there are n second order o.d.e.'s
D xXU(x,) + £ (X!(x,), X,(x,),x,) =0, i=1,...,n,
i i i7i i7i i

fi analytic, such that for each set of solutions (Xl""'xn) of (3.12) the fu
u given by u(x) = ﬂ?_l Xi(xi) is a solution of (3.1). Then condition (i) of
‘em 3.1 holds and there are analytic functions bi and ci (i =1,...,n) in one
variable such that (3.2) is valid and also

n
) C(x) = ) c, (x)A, (x),

jop i i

) (X! (x,),X,(x,),x,) = b, (x,)X!(x,)+c, (x.)X, (x.), i=1,...,n.
1 1 1 1 1 1 1 1 1 1 1 1 1 1

- Substitute (3.12) into (3.1) with u = IT_, X . Then

i=1
n fi(Xi(xi),Xi(xi),xi)
) - Z AL (x) X +
i=1 i1
Xi(xi)Xj(xj) n Xf(xi)
+ z Aij(x) mT}—{—)-‘F Z Bi(X) m-!* C(x) = 0.
i#j i 71T i=1 i1

llows from the assumptions in the lemma and from the theory of second order ox
y differential equations that, for each x ¢ Q, equation (3.15) will be satisfi
11 complex values of Xi(xi) (i =1,...,n) and for all nonzero complex values c
) (i =1,...,n). Fix x € Q. Successive differentiation of (3.15) with respect
(xi) and Xj(xj) (i # j) yields that Aij(x) = 0 for i # j. Next, by differentia
>f (3.15) with respect to Xi(xi) we obtain

of (X! (x.),X, (x,),x,)
L R A T A

Bi(X) = A, (x)
* X! (x.)
1 1

= 0 would imply Bi(x) = 0, contradicting the original assumptions about (3.1)

(x) # 0 and condition (i) of Theorem 3.1 is proved. It also follows that
' £XI(x) X (x,),x.) = Db, (x,)X!(x,)+c, (X, (x,),x.)X, (x,)
i iTi i1 i SRR R T 1 i1 iTTiTd

>rtain analytic functions bi and Ci' with bi satisfying (3.2). Substitution of

and (3.2) into (3.15) yields

C(x) =
i

o3

c, (X, (x,),x.)A (x).
1 1 1 1 1 i

‘ferentiating this formula with respect to Xi(xi) we obtain




11

(x.),x.)/9X.(x.) = 0. Thus c. only depends on xX,. Now (3.13) and (3.14) are
i i i i i i
. 0O

.emma 3.2 staﬁes that, if a linear homogeneous second order p.d.e. (3.1) "sepa-
' into one set of n o.d.e.'s (3.12), not a priori linear and not depending on
onal parameters, then this assumption already forces the o.d.e.'s to be linear
.80 imposes strong restrictions on the coefficients Ai' Bi' C in (3.1). However,
e proof of this lemma it seems to be crucial to assume that u = ﬂ?zl Xi satis-
3.1) for all possible solutions (Xl""’Xn) of the o.d.e.'s, not just for one

" solutions.

of Theorem 3.1.

cessity of the conditions (i), (ii), (iii).
e (3.1) separates into n second order o.d.e.'s. Then we know from Lemma 3.2

onditions (i) and (ii) are satisfied and that (3.1) separates into o.d.e.'s of

rm

XU (x,)+b, (x )X!'(x,)+c, (x,,0, ,...,0 )X, (x.) =0, i=1,...,n,
i i i i i i i7i 2 n i i
bi satisfies (3.2) and
n
) c.(x.,0 ,...,0)A, (x) = C(x).
121 i it 2 n i

entiate the last identity with respect to aj:

n Bci
'z Saf-(xi,uz,...,an)Ai(x) =0, j=2,...,n.
i=1
ac,
initions 2.1 and 2.2 the n x (n-1) matrix ( gaiwxi,az,...,un)) has rank n-1.

a fixed (a2,...,an) and define

cil(xi) := ci(xi,a2,...,an), i=1,...,n,
Bci
cij(xi)':: SE;-(xi,a2,...,an), i=1,...,n, j =2,...,n.

1is choice of the functions cij condition (iii) holds.
fficiency of the conditions (i), (ii), (iii).

conditions (i), (ii), (iii) hold. Then (3.1) takes the form (3.5). Let, for
n-1
Lyreees ) e @ ; (X,,...,X ) be a set of solutions of (3.6), with X, (x.) # 0
n 1 n i1

L x and i. Multioly (3.6) by Ai(x)/Xi(xi) and sum over i. Using (3.4) we obtain

/X?(X.) Xf(xi)

i NX =) i %) X oxy TG %)) = 0.
1 i i i




= ﬂ‘i‘_1 X, then (3.17) implies (3.5).

roof that the factors in the factorized solutions of (3.5) satisfy (3.6).

it loss of gemnerality we may assume Xi(xi) # 0 (cf. Remark 2.4). Compare (3.17

che n-1 equations (3.4) for j = 2,...,n. Since the matrix (3.3) has rank n-1 w
ide that
X;(xi) X!(xi) n
_ —_— + + L) =
X =0 TP Xyt ) aj(x)e;5(x3) =0
i1 i7i j=2
:rtain coefficients aj J=1,...,n) depending on x. Hence, for fixed £:
n ~
.Z (aj(xl,...,xz,...,xn)—aj(xl,...,xz,...,xn)) cij(xi) =0,
j=2
i=1,...,8-1,8+1,...,n.

‘terminant of the (n-1)x(n-1) matrix which is obtained by deleting the Zth row
£+1

e first column in (cij(xi)), equals (-1) le(x) (cf. (3.8)). Because of
this determinant is nonzero. Hence uj(xl,...,ge,...,xn) = aj(xl,...,xe,...,x]

does not depend on XE L = 1,...,n). Thus (3.6) holds for these aj. r

: 3.3. The relationship between our Theorem 3.1 and NIESSEN's [12] definition ¢
ily established (cf. also Remark 2.7). Indeed, the p.d.e. (3.1) satisfies the
ions (i), (ii), (iii) of Theorem 3.1 if and only if the left hand side of (3.:
multiplication by some function of x and for functions u of the form u(x) =

X, (x.,), can be written as det(L,. X.(x,)), where
i i L S S |

2 .
Ll, .= J1§-+ b.(x.) ag—-+ C.l(x.),
J dx” J ] . J J
J
:= i 1
Lij cji(xj), i#1,

e matrix (3.3) has rank n-1.

3.4. Consider the Helmholtz equation (2.5) on a Riemannian manifold. On com-

(2.5) with (3.1) we have:

1 2
A, =—~ ,A . =0 if i # 7, c =0,
i g, ij
1
1
2
B, = — 2 (log &),
93 i 9;

cakes the form (3.11) then

B, 3 g%
= lo =2
a (s)

-
A, ox
i

i
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our separability conditions (i), (ii), (iii) of Theorem 3.1, if applied to the
. (2.5), are equivalent to the St&ckel-Robertson conditions (i) and (ii), men-

d in §2.

Next we mention some generalizations of Theorem 3.1 and Lemma 3.2 to higher or-
nd nonlinear p.d.e.'s. The proofs, which are omitted, are similar to the proofs

er in this section.

. , . th
3.5. Consider a linear homogeneous analytic p.d.e. of m order

a,+...+a
1 n,
) L R S = 0
|| <m 9%, ...9x
1 n

that, for each x and i, not all terms involving derivatives with respect to X,

, , th
vanish. Suppose there are n analytic o.d.e.’'s of m order

) x (™ )(x e, " x ), x (k) x) =0, i=1,...m,
l 1 1 1 1

that, for each set of solutions (X

1,...,Xn) of (3.19), the function
:= ﬂ?zl Xi(Xi) is a solution of (3.18). Then (3.18) and (3.19) must have the

n m j
) ( - Z bj(x ) §~—‘.1\,+C(x)u=o,
L m J
i=1 j=1 X",

%5 i

(m) m_t (4)
X, (x )+ f bj(x 1X,77 (x e, (x )X, (x) =0, i=1,...,n,
l :

ctively, for certain analytic functionsvbi, c., where
i

Cc(x) =

I o~13

A, (x)c, (x,)
1 1 1

i=1

i(x) # 0 for all x and i.

3.6. Consider a (generally nonlinear) second order p.d.e. of the form

n
b L3 (53*1 o ) = o,
i

Ai and F analytic and Ai(x) # 0 for all x and i. Suppose there are n analytic

d order o.d.e.'s
) XU (x,)+f, (X! (x,),X,(x,),x,) =0, i=1,...,n,
i1 i1 i i

that, for each set of solutions (Xl""'xn) of (3.21), the function u(x) :=

1 Xi(xi) is a solution of (3.22). Then (3.20) and (3.21) must have the form




n 2
Z A_(x)(a ; + B,(JEL, u,x,)\ + D(x) u log u =0,
£ i 9% ilox, i

i

i=1 i

X"(x,) + B, (X! (x,),X,(x,),x,) +d,(x,)X,(x,)1log X,(x,) =0, 1i=1,...,n,
1 1 1 1 1 1 1 1 1 1 1 1 1 1

tively, for certain analytic Bi, di and D, where Bi is homoceneous of degree 1

first two arguments and
A, (x)d, (x,) = D(x), i=1,...,n.
i il

ote that, in case D is not identically zero, equation (3.22) highly restricts

ssible choices for the Ai's.

3.7. It follows from Lemma 3.6 that the nonlinear second order p.d.e. (2.15)

ot separate into second order o.d.e.'s.

M 3.8. Consider a (generally nonlinear) mth order p.d.e.

Ju \
AR ’ 4 . =OI
axi " xl//

A, and Bi are analytic, Ai(x) # 0 for all x and i, and Bi is homogeneous of
1 in ™ty axT'l
only if there are analytic functions cij (i=1,...,n, j = 2,...,n) 1in one

,...,Bu/axi,u. Then (3.23) separates into n mth order o.d.e.'s

ariable such that the n X (n-1) matrix (cij(xi)) has rank n-1 for all x and

n
) c..(x)A (x) =0, j=2,...,n.
. ij it :
i=1
e of separability a function u(x) = ﬂ?_l Xi(xi), not identically zero, is a

on of (3.23) if and only if, for some (az,...,an) € Cn_l, the functions Xi are

ons of the o.d.e.'s

(m-1)

x ™ (x )48, (x!
1 1 1 1

(%.) ,...,X"(x,),X.(x.),x.) +
1 1 1 1 1 1

+ (
j

o~

a, c,.(x,))X,(x,) =0, i=1,...,n.
, 3 i3 ii

inally we turn to the case of the Hamilton-Jacobi equation (2.3) considered by

L [16]. We will now use Definition 2.1 with the Ansatz (2.12) replaced by

u(x) =
i

o~

X. (x.).
1 1 1

inition 2.2 the condition ﬂ?_l v 5 # 0 can then be omitted. It is easy to prove

0,
llowing analogue of Theorem 3.1.




EM 3.9. Consider the first order nonlinear p.d.e.

(3u)? _
Ai(X)\ngy = C(x),

o~

i=1
Ai and C are analytic and Ai(x) # 0 for all x and i. Then the p.d.e. (3.25)
ates into first order o.d.e.'s under the Ansatz (3.24) if and only if conditic

of Theorem 3.1 holds.
" CONDITIONS EQUIVALENT TO STACKEL's CRITERIUM

The main result in this section is Theorem 4.5, which associates n linearly ir
dent, mutually commuting partial differential operators with a separable secor
p.d.e.. Theorem 4.6 and Corollary 4.7 will be needed in section 5.

Lemma 4.2 and Theorems 4.3 and 4.4 will involve:

[PTION 4.1. The functions cij (i,j = 1,...,n) are analytic on an open connectec
n Q c HJI such that det(cij(x)) # 0 on Q. The matrix inverse of (cij(x)) is

ed by (yij(x)). Assume that yli(x) #0 (i =1,...,n) on Q.

. 4.2, Let c,, and Yij be as in Assumption 4.1. Then the following three state
1 are equivalent:

i only depends on xi (i, =1,...,n).
aylj aij

(k =2,...,n; j,o=1,...,n).

S & R 5 Gl = 1,mm= 1,2,3,000.
. We prove (a) = (c) = (b) = (a).

> (c): ) Cip (K My () = 845

1]
BmYk.(x)
Loy (x) I — =0, i#op.
k ox
1%
m
3 Ypq 3,
( j kj
Yo (x)ly -y =0, 1i#0p
k i L kr ax" Lo ox" /
i8] b
> also
) Cip (X)) = 0 i#op,




llows that

" "
1 (Y L5 . k3
Y \kp . m £p m )
p 1

dependent of k. So (c) will follow if YK # N. Suppose Y2 (y) = 0 for some y € Q.
£ # 1. For o € € let

Y = .+ .
Yig T Vit e8ipvyye
cij = cij - a5jlciﬂ'
(;ij(x)) and (c (x )) are matrix inverses of each other and YZ (y) # 0 if

. Hence (c) is valld for (Y (y)) if o # 0 and the case a = 0 follows by con-
ty.
(@): Let p # i. Differentiation of

E CikVky = S5

ui

= 0. 0

IR e =R BT S
Bxp kj " ik 3xp Yy K ik 'kp

P P
iM 4.3. Let cij and Yij be as in Assumption 4.1. Let bi, ci (i =1,...,n) be
zic functions in one real variable. Consider the n linearly independent partial

rential operators

—~
(e8]
N

|

n
by 7 z s BN ox

+b.(x.)—8 +C.(x.)\,, k=1,...,n.
8 1 1 . 1 1
1 ‘X i :

N

:he following three statements are equivalent:

only depends on xi (i,3 =1,...,n).
_ commutes with Ly for k = 2,...,n.

1@ operators L ...,Lrl mutually commute.

1,!

A calculation shows that

_/
——\

n ]
- _ (. 4
(L Lpl := L Ly - L)L, = | [\Yki - Yp

i _a_+b<x>)
i,j=1~ i

d

~—.

Bzy 82Y 2
( L3 xj\] (3 3 \
ki 12 Yei 2 )1\ 2 * bj(xj)5§;'+ ¢35
i i j

oly Lemma 4.2. [J

'he implication {a) = (c) in the above theorem formally coincides with a result
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LSTROM & SLEEMAN [6, Theorem 1]. (See also ATKINSON [1, Theorem 6.7.21.) These

's are working in a Hilbert space context. Our result is obtained from formula

in [6] by putting a4y = 1, a, = 0 (i=1,...,n),
~(3%/3%°+b, (x.)3/3x +c, (x.)),S. . = c. . (x,).
i 7i 1 i iTi ij ij i

et F, G be C -functions in the 2n real variables x = (Xl""’xn)’
»1,...,0 ). The Poisson bracket of F and G is defined by

“n

T [F 3 3F 3G
{F,G} == Z \3%, 9p,  op. ox I
k=1 ~ "k Tk ;

M 4.4. Let cij and Yij be as in Assumption 4.1. Consider the n functions
n
2
F_(x,p) := Z Ypi (KD -

he following three statements are equivalent:

3 only depends on xi (i, =1,...,n).

'k,Fl} =0 (k =2,...,n).

Ik'Ff} =0 (k,£=1,...,n).

We have
n / Y, . Y
- kJ £3)
{Fk'FK} =2 i g 1 Fyﬂi X, Yi Bxl ! Dloj'

.=

ply Lemma 4.2. []

eorem 4.4 is contained in a result by EISENHART [3, p.289', who gives neces-
nd sufficient conditions for the existence of orthoqgonal separable coordinate
s for the Hamilton-Jacobi equation on a Riemannian manifold. These conditions
e the existence of n-1 independent quadratic first integrals for the equations

desics. Eisenhart's conditions were considerably improved by KALNINS & MILLER

eorem 6.
M 4.5. Consider the analytic p.d.e.
n 2
z A,(x)fé—2-+ b, (x,) Jﬁi» + C(x)u = 0,
. i 2 i77i° ox,
i=1 'axi i

i(x) # 0 for all x and i. Suppose (4.1) separates into n second order o.d.e.'s.

here are n linearly independent, mutually commuting linear partial differential

ors Ll""’Ln of second order such that L1 = ®L for some analytic function ¢
0) and such that all solutions u of (4.1) of the form u(x) = ﬂ? 1 Xi(x,) are
i= i

eigenfunctions of L .. L
n

ore-

By the separability assumption, condition (iii) of Theorem 3.1 holds. Let

i)) be the matrix considered there and put




cil(xi) 1= 6i1’ cij(xi) 1= cij(xi), i=1,...,n, j =2,...,n.

yij(x)) be the inverse of the matrix (gij(xi))' Then, by (3.4), yli(x)

x)/Al(x). Define theoperatorst by

2
L := § (x)/jL— + b, (x,) —3—-+ (x,) i =1 n
R VI A s R L I B R O A
i=1 9x
-1
L1 = A1 L, the operators Lk are linearly independent and, by Theorem 4.3, they
lly commute. Let u(x) = ﬂ?zl Xi(xi) # 0 be a solution of (4.1). By Theorem 3.1,
is (u2,...,an) € Cn~1 such that (Xl""’Xn) satisfy the o.d.e.'s (3.6). Hence
32 9 T
S+ b (x) 4 (o, (x,) + ) a,c..(x))u=0, i=1,...,n.
2 i i’ 9x, il i . joij it
X, j=2
i
plication of this equation by Yki(x) (k = 2,...,n) and summation over i yields
au=0. [J

k

Theorem 4.5 is well-known for many special separable second order p.d.e.'s (cf.
R [91), but it seems that the general statement of the theorem has not been
d before.

Obviously, there still exists a commuting family of operators L .,Lrl with

17"
L if Lu = 0 is separable after a transformation of coordinates. Conversely as-
that a second order operator L can be extended to a family of n linearly inde-

nt, mutually commuting second order operators L1 :=L,L_,...,L . It would be in-
n

ting to formulate a criterium, under which conditions tie existence of such a
ting set implies that L is separable into second order o.d.e.'s after some trans-
tion of coordinates. The result by KALNINS & MILLER "7, Theorem 6], which we al-
mentioned, may be helpful in achieving such a criterium.

The next theorem was already proved by EISENHART [3, p.289]. We include the

in order to make the paper more self-contained. The subsequent corollary may be

M 4.6. Let Al""'An be analytic functions on an open connected region § in
10t taking the value zero. Then, locally, the following two statements are
alent:

here are analytic functions cij (i,j = 1,...,n) in one real variable with

2t(c,.(x,)) # 0 such that
ij i

cij(xi)Ai(x) = aj,l' ji=1,...,n.

Il o~3

1e functions Ai satisfy the system of p.d.e.'s

A, =0, plqu=1l'--lnl D#q,




82 log A, 3 log A, 9 log A, 9 log A 9 log A,
A, .= 1. J J _ jS) 1.
jip,q 9xX 90X 9% ox oxX X
b Qg o) q q o]

9 log A 3 log A,
g g9 g J

X 90X
b q

. First we prove (a) = (b). Suppose that (a) holds. Let (Yij(x)) be the

se of (cij(xi)). Then (b) of Lemma 4.2 holds. Put

okj(X) S Yy (X)/Ylj(x)-
for each k = 1,...,n, the functions pkl""'pkn satisfy the system
1 A
aokj:( - )———-aoq' ip =1 n
% Pxo k3 % + P
i8] 1%}
9P, . /9p, .
oo () Lo ()
3 3 3 ko "k j;0,q"
e, Vo) ", Ui ) T P ka Min s

and g with p # g. Then p # okq for some k, because, otherwise,

kp
=1,... icti i lari
(Ylp/qu)ykq (k , ,n), contradicting the nonsingularity of the ma
%)) . Thus A, =0 for p # g.
Jip,9q
Vext we prove (b) = (@). Suppose (4.2) holds. Bv a theorem of Frobenius

ODNNE [2,Ch.X, p.31471) this implies the complete integrability of the sy

9p . 9 log Aj
= (OD-Dj) .
- p

, locally, there are n linearly indeperdent analytic solutions (pkl""

y+--,0, of this system, including the trivial solution (pll,... ) ==

Ip
in

s...,1). Put ij := Aj ij' Then (4.4) implies (b) of Lemma 4.2. Since

1onsingular matrix, we conclude that (@) of Lemma 4.2 is valid for its

se (c,.(x.,)). This proves (a) of the present theorem. []

.)
ij i

LARY 4.7. Let A1""'An be analytic functions on an open connected regi

10t taking the value zero. Then, locally, the following two statements

here are analytic functions cij (i=1,...,n; j =2,...,n) in one real

ith rank (c,,(x.,)) = n-1 such that
ij i

Il o~13

c,.(x,)A, (x) =0, j =2,...,n.
i=1 i3 1 1

o n beodefined by (4.3). Then

19

iv-




= A = L. = = .. .
Bin,q 2;p,q nip,q’ Pra =y 2 #q
First we prove (a) = (b). Suppose that (a) holds. Let cil(xi) := 6i1
lyee.,n). Let, Xi i= Ai/A1 (i =1,...,n). Then the Xi's satisfy (a) of Theorem
ience Z, = 0 (p#g9). A calculation shows that Z, = A, - A .
jip,q jip,q jip.q lip,q
A, = A (j =2,...,n; o ).
jip.q 1ip,q 2 et v 7 a
lext assume (b) and put again Aj := Aj/Al' Then

>

0 =

A, A .
jip.q lip,q jip.q

(o#q) ,

of Theorem 4.6 is valid for the Xi's, hence (a) of the corollary holds for

's.

’ARATION OF VARIABLES AND EQUATIONS ON RIEMANNIAN MANIFOLDS

n (2.4) we introduced the Laplace-Beltrami operator

n n 2
b= ) gt g%t Ay g;](ii§-+ (33. loq(q%/9i>) 2

= =1 9x i Bxi
thogonal local coordinates on a Riemannian manifold. More generally, we will
er operators A of the form (5.1) without this geometric interpretation, so it
longer required that gi(x)F> 0, but gi may be a complex-valued analytic func-
n an open connected region Q in IJI, with gi(x) # 0 on Q. We still put
?:1 qi. Note that the second expression for A in (5.1) is independent of the
of the branches for the square root or the logarithm.
ur first result, contained in Theorem 5.1 below, shows that a linear second
p.d.e. in n 2 3 variables which separates into second order o.d.e.'s can al-
e written in the form Au + V(x)u = 0, with A as in (5.1) . Historically, a

1 theory of separation of variables was usually given in the context of a

nian manifold. Our theorem shows that this meant no loss of generality.

artial differential operator on an open connected region § in IRn , where Ai
are analytic and Ai(x) # 0 on Q. Suppose that the p.d.e. Lu = 0 separates in-
ond order o.d.e.'s. Then for each analytic function & on Q (®(x) # 0 on Q) there

analytic function R on Q (R(x) # 0 on Q) such that

- -1
q)L:RlAOR—R(AIR),
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A is given by (5.1) and

o 1
9;i T a, -
1

"
—_
~

3 then, in particular, we can choose ® such that R i.e.

oL = A, 9; = 1/®Ai.

By the separability of Lu = 0, condition (iii)' of Theorem 3.1 holds.

(xi) introduced there, let Mi (x) be defined by (3.8) and let R and

€15 1

ons related by

X, n 1/n
2 1-n/2 (v [* VoMo M)
R® = eXp\E bly;)dy, | 1/n-1/2
i (m'_, a,)
X, i=1 i
01
ne (x01,...,x0n) e Q. Let 9 be given by (5.4). Then

n 2

- - -1

Rlaor-rlam = § g (ii~ + (~§—-1og Rg
. i\, 2 X,
i=1 “OX . Cd

3 R%g%  p R%e /2 i 5 (
- log =% = =~ log ———— = b, (x.) + = log{a M _ (M /&)
ox . g. ox, m 5 i X, ii=1"711 i
i i (1T, A) i .
i=1 i
=Db,(x,) + i log M,, = b, (x,),
i BXi il i i

ve used (5.4), (5.5), (3.10) and the fact that Mi does not depend on x

1
5.3) now follows immediately. []

1@ second topic of this section deals with EISENHART's [3] condition on
-ng of the Ricci tensor off the diagonal, which is necessary for separa
>) . Let Q be an open connected region in R" on which a fundamental ten
.ned, where the functions gij are comple%—valued and analytic on  and

i(x)) # 0. We may call Q, together with the tensor qij' a formal Rieman
-d. The Christoffel symbol of the second kind associated with this form

1ian structuré, which we denote by T;j, is defined by

a 3 3 )
2 Z I, 9.p = g,. + — g. .
Y k3 “id Bxk ij 3xj ik Bxi jk

SENHART [4, (7.2)]). Next, theRiemannian curvature tensor is exoressed ns

se Christoffel symbols by

R§~~ . E (r° k p _k d k l k
ij 5

- 2 -2
Pelip = Tiglsp) * o, Moo ™ o Tie
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(cf. EISENHART [4, (8.3)]). The Ricci tensor Rij is obtained by contraction of the

Riemannian curvature tensor:
k
Ri. = z Ri'k
J X J

(cf. EISENHART [4, p.21]); it is a symmetric tensor. Q is called a (formal) Finstéin

space if

R,.(x) =

15 f(X)gij(x)

for some scalar function f. Clearly, on an Einstein space the Ricci tensor is diagonal

-if the fundamental tensor is diagonal. The

Riemannian spaces of dimension 2, the flat

class of Einstein spaces includes all

spaces and the spaces of constant curvature.

If gij is diagonal and 9; T 934 then
2
3 log g. 9 log g, 3 log a. 9 log g 3 log a.
- L J J J p J
(5.6) R =% ) 2 + - +
joley . 9X 9xX X 9x 9x ox
j#p.q - P g D q q P
9 log g 93 lo .
B g9 q g9 qj] o % q
9% x| !
p q
which follows from EISENHART [4, p.119].
THEOREM 5.2. Let n = 3. Consider the p.d.e.
n 2 3
(5.7) Au + Cu := z —£-|§—%-+ (——-log g—) ;21) + Cu =0
i=1 91 ‘axt ox, 93/ 0%y
i i .
(a) Suppose that condition (iii)" of Theorem 3.1 holds for Ai := ggl, C(x) = 1.

Then (5.7) with C(x) = 1 separates into second order o.d.e.'s if and only if the
corresponding Ricci tensor is diagonal.

If the Ricci tensor is diagonal and if (5.7) separates into second order o.d.e.'s
for some specific function C = CO then (5.7) separates into second order o.d.e.'s

for the function C(x) = 1.

-1
PROOF. Let Ai gi and let Aj~

1P

be defined by (4.3). Under the assumptions of (a)

1]

we have A, 0 (p#q), cf. Theorem 4.5, and the separation assumption of (b) im-

Jip.q
plies A, = A (o#q) , cf. Theorem 3.1 and Corollary 4.7. So we have
Jip,Q 1;p,q
A = i £
ip.q A1;p,q (p#q) in both cases. It follows from (5.6) that, for p # q,
2
3 log gk
Rog = #(=2)Ay L o+ % X
P e k#o,q P q

1
aloq(qz/gi)

X,
i

Putting bi(x) = we also have
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32 lo 2 32 loa ( 17/ ) ab
z 9 9y ~ 3 / g \ ~ 1lg gp ~ -
9% 9x = 3% ox_ o9 lgg !~ 2 T % =255
k#P,q P g D pig p q q
M g =M g (cf. (3.10)) and M,, does not devend on x,. Hence
pl “p ql “g i1 i
3 Ele)
R = %(n-2)A + = =2
rq l;p/q 2 axq

.a (5.8) implies that, if two of the three exoressions R and BbD/qu

, A
p/a lip.q
1 then also the third one vanishes. This yields precisely the three required im-

:ions in (a) and (b) of the theorem (use Theorems 3.1 and 4.6). []

‘art (a) of Theorem 5.2 was already proved by EISENHART [3]. Part (b) may be
‘t would be of interest to prove or disprove the two implications in (a) of

'm 5.2 without the assumption that C(x) = 1, but still assuming that Ai = q;I
satisfy condition (iii) of Theorem 3.1.

‘art (b) of Theorem 5.2 is related to ROBERTSON's [141 result that the equation
2
Au + k (E-V(x))u =0

‘en by (5.1), k # 0) separates into second order o.d.e.'s simultaneously for all
nts E if and only if (i) the coefficientsa, := gll satisfy condition (iii)" of
m 3.1 with C(x) = 1, (ii) 9 log(g%gll)/'axi only depends on Xi and (iii) V is

+ form V(x) = Zi ci(x)/gi(x). Our theorem shows that, in case of a diagonal
tensor (for instance, on aﬁ Einstein manifold), Robertson's conditions already
f (5.9) separates for one specific value of E. ‘ 7
'e conclude this paper with an example of a quite general class of separable

's of the form Au + au = 0.

E 5.3. Consider a formal n-dimensional Riemannian manifold Q with diagonal

ental tensor

g.(x) := ——— Tl (x,-x,),
i fi(Xi) KA1 i "k

£.(x,) # 0 and x, # x. (i # j) for x € Q. Then
i 1 i J

£.(x.) v a2 £ (x)
i i / L i

i 8
£ (x,) ox, ! -
1 1 1

>
I

o~
+

1 nk#i(xi_xk) 9%

ns out that the o.d.e.

i

Au + alu =0

tes into the o.d.e.'s




£10x,) ek
XU(x,) + b X'(x,) +
1 1 1 1

£ %) Xi(xi) = 0.
1 1

£, (x,)
1 1

f n is small and fi(xi) is a polynomial of low degree, the equations (5.11)

well-known equations of mathematical physics. For instance, if n = 2 and

= x(1-x) then (5.11) becomes Mathieu's equation (cf. ERDELYI [5, 16.2(3)]) and
is just the two-variable Helmholtz equation in elliptic coordinates (cf.

t [9, p.19]), disguised in algebraic form. The case that n = 3 and f is a fourth

» polynomial arises from a certain R-separable form of the three-variable Laplace

on (cf. MILLER "9, p.209]).
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